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Fundamentally /us

Let f- : IR → R be continuous
.

Let Fcx ) = d.
✗
f- It)dt

Then
F' (g) = f- ( x ) .



P"¥
F , ( × , =

Iim F)-F(✗1h→o

7th

=
Iim

↳ 0 £ / flt)dt

=fÉÉ☒
the FTC is about

limits of averages off !



Lebesgue Differentiation Theorem
-

. _
_

Let f- c- L
' CIR

" ) . Then for

a. e. ✗ C- 112
"

,

"m ¥+1T ) f = f- (x)
.

r → 0

Brcx )



Vitali Covering Lemma
-
-
-

Let { Bj}
"

be a finite collection
j=1

of
open

balls in 112? Then there exists

a sub collection { BY } c { Bj } satisfying
i) the Ñj are pairwise disjoint
ii ) I UBJ. I ≥ 3-

^ / U Bj 1 .



I

☐e_f . ( centered Hardy - Littlewood Maximal Operator)

Mai f- (x ) = r%Po 1B¥ of 1ft
Brca)

Tʰen ≤ £ 11-511
,, , ,nn,

?

4 c≠ccn)

/{✗ c- IN :^*
'

,
fix) > in} / ≤ 3£ 11 f "

wenn )

weak type (1) 1) inequality
we can use this to prove

the LDT .



Paradigm :

v. wiener

weak Type 1939
Differentiation

covering ⇒ Bound =)
of Theorem

Lemma
Maximal Operator

⇔ ⇐
Coirdoca - Fetterman Stein - Nikishin

1975 w/ translation invariance

1961



What about averages with respect
to rectangles ?

The Vitali Covering Lemma does not hold

for rectangles !

Bohr staircase
I - R ,

( Harold Bohr )

IÑRJ /
- R2

.

.

. i ~ N
2-NI

Rn

1-1
I

2-
~



Theorem ( Nikodym ; Busemann - Feller )
-

Let 7 be the family of ad rectangular

parallelepipeds in 112
"
.

There exists f c- [
° CIR

" ) such that

Iim

J f = f- (x)
✗ c-REF

diamR→0 12

does not hold a.e.



A Besicouitch set in IR
"

is a set
-

-

that contains a unit segment in every
direction .



Regan : If ECIR
"

,
8>0
,

HICE) = inf { diam Bj )°
ECOBJ
diam Bj < r naHSCE ) = "m Hrs (E)

.

r→ot

The Hausdorff dimension of E is

inf { S > 0 : HSCE) to} .



Let 5 be a Besicouitch set in 112?I:÷:÷÷÷:÷a÷i→-
n = 1,2 ✓ ( Davies ) 1971

n ≥ 3 partial results due to Wolff
,

Bourgoin , Tao , Katz , and others

e.g. n > 12 6%-4-+1



Strong Differentiation
-

Fund . Math. 1935

theorem ( Jessen, Marcinkiewicz , Zygmunt )

If f- c- LPCIR
" ) for / < p ≤0

If I log ( 2 + If / )
" - l

< a)( in fact if %,
then

Iim
✗ e-R ¥ ) f- = f- ( x) a.e.
diamR→ ° R
sides R 11 axes

PI ~ Iteration of 1 - D estimates .



Let P be a collection of open
bounded sets that covers 112?

sup
M 5- (7) = ✗ c-Rep

¥1 % / ft
.



Annals 1975

T-hm.LA . Cordoba
,
R . Fetterman )

Let I < p <
•

.

i. e- Tsi ' of / { ✗ c- Mn : Msf (x) > &} / ≤ C (É)
"

weak type
[PIP ) iff there exist 04C ,

< c.2<0 So that

given { R,}j! , CB , there exists

{ Ñ
, } < { Rj} satisfying
i ) I UÑ; I ≥

c
,
/ 013-1

ii ) 11 ETE
,

I /
<p
,
≤ Clo Rj /

% '

.

2



I -- Ri

3g
- Ra

%}
=

:

#Rn
2-NI BMWMammogram

1-1
I

2-
~

/ ☒ I = 2-
2° ≤ ¥ / 0%1



Protein : Suppose 7, is of weak type
( 1,17
,

i.e-

If ✗ c- Iti .- M,fC+) > a } )
≤ t

"ᵗ¥
.

Does there exist Osc, C < • so that
,

given {Rj}j! , CB , there exists { Ñ, } c { Rj}
such that

i) toÑjl > c / OR;)
ii ) 11 {¥1b ≤ C ?



tauary

Let Ria, denote the
set of rectangles

in 1122 oriented in a direction of the

form 2-j

.

) 2-
J



Thin ( A. Cordoba ,
R . Fetterman

, Stromberg )

Let ¥ [ If / .

Miac f- (7) =
step

✗ ER c- Rlae 12

If 2s p ≤
°
,

11 Miacfllp ≤ Cp I/ftp.Rema-rkI < p ≤ 2 ✓ Nagel - Stein - Wainger
(Fourier analytic techniques )

- no known proof via covering
lemma for / < p ≤ 2 !



I Iac
.

• • • • •

Ann . Inst . Fourier 1981

Thin ( Sjiigren , Sj ; / in )
2 tae .

- • " • . . . . . . . . . . .. . ...

i. { 2- k }

Let R be an N - lacunary set {
2-
"
+ 2- e)

in [0,1] and let Br denote the set of

rectangles in 1122 oriented in a direction in R .

satisfies
The associated maximal operator MB,

11M flip ≤ Cp II flip lap ≤ x

r

AJM 2015

RI Analogues for n ≥ 3 by Parcet
, Rogers



-4mL .

( Bateman Duke 2009 )

Let R be a set of directions in [0,1] .

The associated directional maximal operator
is bounded on LP ( 1122 ) for I < p ≤ x

^Br
iff I can be covered by finitely many

is
N - lacunary sets .

Otherwise Mpg
,

unbounded on LP ( ITV) for every I ≤ p < X .

What is n ≥ 3 dimensional analogue?



Let B be a collection of
open bounded

sets in IR? B is called a density basis

if for every measurable
set ECIR

"
for a.e. ✗

1in

j→x
¥ J XE = 7<=1 x )

Rj
holds whenever {Rj } is a sequence of

sets in B containing ✗ whose diameters

are tending to
°
.



Let

sup
CB (t) = 0s /E) so

¥1 /{+ :] E- ( x) > a} /

Thin ( Busemann - Feller Fund . Math 1934 )
Let B be a homo thee -1 invariant

( invariant under translations and dilation,)
collection of open

bounded sets that covers IR
"

.

B is a density basis
iff
C (2) to for every

270 .















Halo Conjecture
- - -

Let P be a homothecy invariant density
basis of sets in 112"

,
and suppose

/{✗ c- 112" : M E- Cx ) >a} / ≤ S
an
91¥)

i.e. Cpcx) ≤ q(E)
for some convex increasing q :[0, no)

→ [0
,
x)

with qlt) = t for 0 ≤ t ≤ 1 .
Then

I {+ c- 112
"
:r fcx) > a} / ≤ c ,S*q( ¥) .



The Halo Conjecture is hard , in part,
because weak L' is not a Banach space !

( No triangle inequality . )

I 1

'

I 1 I

'

.

.

I 1 I

1 fix>+ facts
1:

I 1
'

V2 I

/If ,Hw,,
-

- I 11 fallen, =/ llfitfallw,,
= 4



theorem ( M - de Guzmén )

If the Halo conjecture is true ,

then for any homothecy invariant density
basis P we have

11Mpfllp ≤ Cp Ilfllp

for sulficiently large p .



Thin ( H . , Sto Kolos TAMS 2009 )
Let B be a homothecy invariant density basis

consisting of convex sets in
IR
"

.
Then

11M flip ≤ cpllfllpB

for sufficiently large p .

Th-m .

( H .

,
Sto Kolos 2022)

proof involves( ") in 112? Then
Bernoulli percolation,

117 flip ≤ cpllfllp builds on work of Bateman
,B

Katz
,
haha
, Lyonsfor all / < PIX .

( sticky maps)
Open : IR

"

analogue for is ≥3 .



Suppose B is a translation invariant
collection of sets in 112"

.

When is B a

density basis ?

-
Br = { REB : diam (R) < r}Notation :

T-hm.CH . , Parissis Fund .
Math 2018 )

B is a density basis if , given 2>0,
there exists r = r (d) > 0 so that CB

,

(d) <0.

Proteus : If B is a t.in density basis , does there

exist r > 0 so that CB
,

(d) < ✗ for all 0<2 < 1 ?



-
_

PIE 'sApplication to

Let f- c- LP ( IR
" ) and let cecx >y) be

its Poison extension to

112¥
'
= { ( xiy ) : ✗ c- 112

"

, y
> 0}

given
'

ay
ulx ,y) = Jinn Pylx) fcx -E) It

where Py ( x ) is the Poisson kernel

Py ( x ) =¥i¥
.



112¥

%
boundary data f- (x) c- LPCIR")

/≤ p≤ no



-¥¥a,
f. ( x) = { Is,t)

c- 112¥ : Is - +1 < at}



theorem ( Fatou ,
1906 )

Let f- c- LPCIR" )
,

I ≤ p≤ ×

and let ucrxiy) '
ce its Poisson integral .

Then

Iim u( s,t) = f- ( x )
( s,t) → (x ,o)
( s,t) c- tf Cx )

holds for a.e. ✗ .

( tuontangential convergence )



Thin ( H . , Parish's Studia Math 2020 )

Let ILIR
""

ice such that
+

(0,0) c- Ñ . Suppose that for every f c- tic /Rn)
,

for a. e. ✗ C- 112
"

we have

Iim
Cs
, f) c-I U(7+5 , t ) = f- ( x)

( s ,t) → 10,0)
holds . Then given f- c- LPCIR

" ) for some
/ ≤ p ≤

no
,
for a. e. ✗ C- 112

"
we have

Iim
Cs
,f) c-R

U ( ✗ ts
,
t ) = f- ( x ) .

( gt) → 10,0)





Sotyanik Estimates
-

sup
MHL f- ( t ) = ✗ c- B. CIR

" É § If /

0<1E) < no
¥ /{ ✗ c- "2

"

:^*, 7<=6-1 > a} /CHL (a)
= sup

( ≤ ÷)
theorem ( H . , Parissis 2014 )

CHL (2)
- I ≤ ( £ - 1)

¥ ← can this be

improved to

± or ¥ ?
for ✗ c- ( I - {, 1)



sup
Msf (7)= ✗ER

sides RII are,

¥1 If /

sup
↳ (2) = ◦< E) < • ¥ /{ ✗ c- IR

"
: Ms F- (t )

> a} /

theorem ( Solyanik 1993 )

↳ (d)
- I ~ ( £ - 1)

'h ← sharp !



theorem ( H .

,
Parissis Ado .

Math 2015)

C.
µ, (d) c- C

"" (Q1) Are CAL
, Cs/incxco.is?-/If : Iterated (

g
(a) c- C

"
( 0,1 )

halo argument _

using Solyauik
estimates

.

CB (a) ≤ Cpscdllt :-)) C, (1-0) 0<8 < 1- ✗

B convex basis
in 112"

.



Let Bale a homothecy invariant collection

of convex sets in IR
"

,
and let

↳ f-G) = Sup
+ c-REB

¥21 1
.

sup
Let CB (a)

=
◦ < *, <•

¥1 /{ ✗ c- 112
"

:%tEC+) > & } / .

Suppose B is a density basis ( i.e. CB
(2) < •

for all Octa 1.)

Problem : Is tim

a→ ,
_ Cos 't) =/ ?

- analogous problem for translation
invariant bases

.



Thank you for listening !


